MOTIVIC INTEGRATION ON TORIC STACKS 



A. STAPLEDON 

Abstract. We present a decomposition of the space of twisted arcs of a toric stack. As a consequence, 
we give a combinatorial description of the motivic integral associated to a torus-invariant divisor of a toric 
stack. 



1. Introduction 

Let N be a lattice of rank d and set JVr = N ®z R. Let E be a simplicial, rational, d-dimensional fan 
in TVk, and assume that the support |E| of E is convex. Denote the primitive integer generators of E by 
V\, ... ,v r and fix positive integers a\, . . . , a r . The data X = (JV, E, {a^i}) is called a stacky fan. In [5], 
Borisov, Chen and Smith associated to E a smooth Deligne-Mumford stack X = X(£) over C, called a toric 
stack, with coarse moduli space the toric variety X — X(E) (see also [13]). 

To any complex variety T, one can associate its corresponding arc space Joo(Y) := Hom(Spcc C[[t]], V). 
The geometry of (Y) encodes a lot of information about the birational geometry of Y and has been 
the subject of intensive study in recent times (see, for example, [TTJ [TH Kontsevich introduced the 

theory of motivic integration in 21j, which assigns a measure to subsets of Joo(Y) and allows one to compare 
invariants on birationally equivalent varieties. This theory has been developed over the last decade by many 
authors including Denef and Loeser O [10] and Batyrev [3j 0] . 

Yasuda extended the theory of arc spaces and motivic integration to Deligne-Mumford stacks in [33] and 
[34] . More specifically, to any Deligne-Mumford stack y, he associated the space iJooJ^I of twisted arcs of y 
and defined an associated measure. The goal of this paper is to give an explicit description of the space of 
twisted arcs of the toric stack X above. We will prove a decomposition of \ JooX\ which allows us to compute 
motivic integrals on X and we will show how these motivic integrals relate to combinatorial invariants from 
the theory of lattice point enumeration of polyhedral complexes. 

We briefly recall Ishii's decomposition of the arc space Joo(X) of the toric variety X in [19] (for more 
details, see Section [4]). If T denotes the torus of X with corresponding arc space Joo(T), then Joo(T) has the 
structure of a group and acts on J tX3 (X). If D\, . . . , D r denote the T- invariant divisors of X, then the open 
subset J 00 (X)' — J oc (X) \ UiJoo(Di) is invariant under the action of Joo(T). Ishii gave a decomposition of 
Joo(X)' into J OQ (T)-orbits indexed by |E| n N and described the orbit closures. 

Our first main result is a stacky analogue of Ishii's decomposition. We describe an action of Joo(T) on 
\J^oqX\, which restricts to an action on |J7 00 A'|' = |J7 00 A'| \ Uj| l 7 00 I',|, where X>i, . . . ,T> r are the T-invariant 
prime divisors of X (see Section [4]). We define a twisted arc 7„ for each element v in |E| PI JV, and describe 
the J oc (T)-orbits of \JooX\' (Theorem EL2]) . as follows. 
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Theorem. We have a decomposition of\JoaX\ into J aa (T)-orbits 

\JooX\' = ]]_%■ J °°( T )- 

ue|E|rW 



Moreover, ^ w ■ Joo(T) C j v ■ Joc(T) if and only if w — v — 52_ <C(7 ^i a i v i f or some non-negative integers A.; 
and some cone a containing v and w. 

We now turn our attention to motivic integrals on X . If £ = b{D{ is a T-invariant Q-divisor on X , 

then the pair £) is Kawamata log terminal if i>j < 1 for i = 1, . . . , r. To any Kawamata log terminal pair 
(X,£), Yasuda associated the motivic integral T(X,£) of £ on X. In the case when each <2j = 1, Theorem 
3.41 in [34] implies that T(X,£) is equal to Batyrev's stringy invariant of a corresponding Kawamata log 
terminal pair of varieties [5J. We may view T(X, £) either as an element of a Grothendieck ring of varieties 
[55] or as an element in a ring of convergent stacks [53]. For simplicity, we will specialise T(X,£) and view 
it as a convergent power series in Z[(uv) 1 / N ][l(uv)~ 1 / N }], for some positive integer N, and refer the reader 
to section [6] for the relevant details. 

In order to motivate and state our results, we recall some notions from the theory of lattice point enumer- 
ation of polyhedral complexes (see, for example, [5]). Denote by ip : |S| — > R the piecewise Q- linear function 
satisfying ip(aiVi) = 1 for i = 1, . . . , r, and consider the polyhedral complex Q = {v S |E| | ip(v) < 1}. If for 
each positive integer m, fQ(m) denotes the number of lattice points in mQ, then /g(m) is a polynomial in 
to of degree d, called the Ehrhart polynomial of Q. The generating series of /q(t77,) can be written in the 
form 

l+^/ Q (m)^ = <5Q(t)/(l-i) rf+1 , 

m>l 

where Sq(t) is a polynomial of degree less than or equal to d, called the Ehrhart S-polynomial of Q. More 
generally, if /x : |E| — * M>o is a piecewise linear function, one can consider the power series 

M; ;A1 ):=(i-;) d+1 (i + ]r t» {v)+m ), 

m>l v£mQnN 

so that 5Q(t; fi) = Sq(t) when \i is identically zero. The Ehrhart (5-polynomial of Q and its associated 
generalisations have been studied extensively over the last forty years by many authors including Stanley 

nana on he] and Hibi [n mini um- 

Motivated precisely by computations of motivic integrals on toric stacks, the following variant of the 
above definition was recently introduced in [30]. If A : |S| — *■ R is a piecewise Q- linear function satisfying 
X(aiVi) > —1 for i = 1, . . . ,r, then the weighted S-vector S x (t) is defined by 

S x (t) = (1 - t) d+1 (l ^2 f^ 1 ^ Wl ' )1+A(l,)+m ). 

m>l v£mQnN 

Observe that if A is a piecewise linear function, then the coefficient of t % in <5q(£; A) is equal to the sum of the 
coefficients of P in S x (t) for i — 1 < j < i. The weighted S- vector satisfies the following symmetry property. 

Theorem ([50]). With the notation above, the expression 5 x (t) is a rational function in Qit 1 ^), for some 
positive integer N . IfY, is a complete fan, then 

S x (t)=t d S x (t- 1 ). 
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The following result ( Theorem 16. 5p may be viewed as a geometric realisation of weighted <5-vectors. 



Theorem. Consider a Kawamata log terminal pair (X,£), where £ is a T -invariant Q-divisor on the toric 
stack X. There exists a corresponding piecewise Q-linear function X : |E| — *■ R satisfying X(aiVi) > —1 for 
i = 1, . . . , r, such that 

T(X,£) = (uv) d 6 x ((uv)- 1 ). 

In particular, T(X,£ ) is a rational function in Q(f 1 ' iV ), for some positive integer N. If E is a complete fan, 
then 

T(X,£)(u,v) = H^r^.f)^ 1 ,^ 1 ) = S x (uv). 
Moreover, every weighted S-vector has the form 8 x (uv) = {uv) d T(X ,£ )(u — 1 , v~ r ), for such a pair (X ,£ ). 

In the case when £ = 0, the invariant T(X,0) is a polynomial in ^[(uv) 1 ' 1 *], for some positive integer 
N, and the coefficient of (uvY is equal to the dimension of the 2j th orbifold cohomology group of X with 
compact support [33] . It follows from Poincare duality for orbifold cohomology [6j and the above discussion 
that the coefficients of the Ehrhart ^-polynomial of Q are sums of dimensions of orbifold cohomology groups 
of X. A detailed discussion of this result is provided in [30] . 

We conclude the introduction with an outline of the contents of the paper. In Section [21 we recall Borisov, 
Chen and Smith's notion of a toric stack and give an explicit description of the local construction. We review 
Yasuda's theory of twisted jets in Section [3] and establish a concrete description of these spaces in the toric 
case. We use these results in Section [4] to prove our decomposition of the space of twisted arcs of a toric 
stack. In Section [5j we compute the contact order of a twisted arc along a torus-invariant divisor and, in 
Section [6) we use the results of the previous sections to compute certain motivic integrals on toric stacks. 
Finally, in Section we interpret Yasuda's change of variables formula in the toric case to give a geometric 
proof of a combinatorial result in [30] . 

The author would like to thank his advisor Mircea Mustafa for all his help. He would also like to thank 
Bill Fulton, Sam Payne and Kevin Tucker for some useful discussions. The author was supported by Mircea 
Mustafa's Packard Fellowship and by an Eleanor Sophia Wood travelling scholarship from the University of 
Sydney. 

2. Toric Stacks 

We fix the following notation throughout the paper. Let N be a lattice of rank d and set TVr = N ®% R. 
Let E be a simplicial, rational, d-dimensional fan in TVr, and let X = X(£) denote the corresponding toric 
variety with torus T. We assume that the support |S| of S in TVr is convex. Let p\, . . . ,p r denote the rays 
of E, with primitive integer generators v\, . . . , v r in N and corresponding T- invariant divisors D±, . . . , D r . 
Fix elements b\, . . . , b r in N such that hi — aiVi for some positive integer a^. The data S = (iV, E, {bi}) is 
called a stacky fan. We denote by ip : |E| — ► R the function that is Q-linear on each cone of E and satisfies 
ip(bi) = 1 for i = 1, . . . , r. For each non-zero cone r of E, set 

Box(t) = {v G N | v = Qibi for some < qi < I}. 
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We set Box({0}) = {0} and Box(S) = U re s Box(-r). We will always work over C and will often identify 
schemes with their C-valued points. 

Associated to a stacky fan, there is a smooth Deligne-Mumford toric stack X = X(£) over C with coarse 
moduli space X [5]. Each cone a in £ corresponds to an open substack X(cr) of X. We identify A'dO}) 
with the torus T of X. The open substacks {X(cr) | dim a = d} give an open covering of X. We will give an 
explicit description of X(cr), for a fixed cone a of dimension d. 

If N a denotes the sublattice of TV generated by {bi \ pi C a}, then N(a) = N/N a is a finite group with 
elements in bijective correspondence with U TCcr Box(t). Let M a be the dual lattice of N a and let M be 
the dual lattice of N . If a' denotes the cone in N a generated by {bi | pi C a}, with corresponding dual cone 
((t') v in M a , then we will make the identifications 

SpecC[((r') v n M a ] S A d , Hom z (M CT ,C*) S (C*) d . 

If we regard Q/Z as a subgroup of C* by sending p to exp(27rv— Tp), then we have a natural isomorphism 

(1) N(a) ^ Hom z (Hom z (AT(o-),Q/Z),C*) = Hom z (Ext^(JV(cr),Z),C*). 
We apply the functor Homz( ,Z) to the exact sequence 

— ► — > N — > N(a) -> 0, 

to get 

M -> M CT -> Ext^(JV((r), Z) 0. 

Applying Hom( , C*) and the natural isomorphism gives an injection N(a) — » (C*) d . The natural action 
of (C*) d on A d induces an action of N(a) on A d . We identify X(a) with the quotient stack [A d /iV(a)], with 
corresponding coarse moduli space the open subscheme U a — A d /N(a) of X [5]. 

Consider an element <? in iV(ir) of order Z corresponding to v in Box(cr(t;)), where cr(i>) denotes the cone 
containing v in its relative interior. We can write v — Yli=i li^ii f° r some < 9i < 1- Note that qi ^ if 
and only if pi C cr(w). If xi, . . . , are the coordinates on A d = SpecC[(er') v n M a \ and £j = exp(27r^/^T//), 
then one can verify that the action of AT(cr) on A d is given by 

(2) g.(x 1 ,... > x d ) = (C l kl x 1 ,...,c! qd x d ), 
and the age of 5 (see Subsection 7.1 pQ) is equal to 

d 

(3) age( 5 ) = (l/Z)^Z 9i = ^). 

3. Twisted Jets of Toric Stacks 

We use the discussion of twisted jets of Deligne-Mumford stacks in 34J to give an explicit description of 
the toric case. More specifically, for any non-negative integer n, we describe the stack of twisted n-jets J n X 
of the toric stack X . 

Fix an affine scheme S = Speci? over C and let D n ^s denote the affine scheme Spec R[t]/(t n+1 ). If we 
fix a positive integer / and consider the group pi of Zth roots of unity with generator Q — exp(27T\/— T/l), 
then pi acts on D n i^s via the morphism p : D n i s X Pi —>■ D n ^s, corresponding to the ring homomorphism 
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R[i\/(t nl+1 ) -> R[t]/(t nl+1 )(g>C[x}/(x l - l),i a;. That is, w acts on £>„;,<; by scaling i. If2?J lS denotes 

the quotient stack [D n i,s / fJ*i], then we have morphisms 

D n LS ~ > 2? n ,S — * Ai,S 5 

such that 7r is an atlas for X>^ s and D Mi s is the coarse moduli space of T> l n s . The composition of the two 
maps is the quotient of D n i t s by /i; and corresponds to the ring homomorphism R[t]/ (t n+1 ) — > R[t]/(t nl+1 ), 
t 1 ► t^ . The atlas n corresponds to the object a of V l n s over D n i : s 

p 

D n i,s x Mi »■ -Dni,S 

pri 

and every object in T> n s is locally a pullback of a. Consider the automorphism 

9 = QX Cf 1 = D nl>s x ft -> D nl , s x /x/ 

over : D n [^s —* -DnZ,s- Every automorphism of a is a power of 8 and hence every object and automorphism 
in T> 5 is locally determined by a pullback of a and a power of 8. 

A twisted n-jet of order I of X over S 1 is a representable morphism 2?^ s — ► A". By the above discussion, a 
twisted jet is determined by the images of a and 8. Yasuda defined the stack J^X of twisted n-jets of order I 
of X . An object of J n X over S is a twisted n-jet 7 : T> l n s — ► A" of order Z. Suppose 7' : 2?^ T — > Af is another 
twisted n-jet of order I. If / : S — > T is a morphism, there is an induced morphism /' : D n s — > 2?^ T . A 
morphism in ^A from 7 to 7' over / : S — ► T is a 2-morphism from 7 to 7' o /'. The stack J'nA' of twisted 
n-jets is the disjoint union of the stacks j\X as I varies over the positive integers. Both J n X and the J n X 
are smooth Deligne-Mumford stacks (Theorem 2.9 [34]). The stack JqX is identified with the inertia stack 
X(X) of X. That is, an object of JqX over S is determined by a pair (x, a), where x is an object of X over 
S and a is an automorphism of x. We identify the stack JqX with A\ For any m > n and for each I > 0, 
the truncation map R[t]/(t ml+1 ) — > i?[i]/(i n ' +1 ) induces a morphism V l n s — » 2?^ s . Via composition, we 
get a natural affine morphism (Theorem 2.9 [34] ) 

7T™ : Jm^ — * JnX . 

The projective system {J n X} n has a projective limit with a projection morphism (pl5 [34] ) 

J 00 A = lim l 7 n Af. 

Remark 3.1. The open covering {A"(cr) | dimcr = d} of Af induces an open covering {J n X(cr) | dimcr = d} 
of J n X, for < n < 00. 

Recall that if 3> is a stack over C, then we can consider the set of points \y\ of 3^ over C [22]. Its elements 
are equivalence classes of morphisms from SpecC to y. Two morphisms ip,ip' : SpecC — > y are equivalent 
if there is a 2-morphism from -0 to ip' . It has a Zariski topology; for every open substack y' of y, \y'\ is 
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an open subset of \y\. If y has a coarse moduli space Y, then \y\ is homeomorphic to Y(C). We will often 
identify Y with F(C). 

Let -Doo,c = SpecC[[t]] and T> l ooC = [foo.c/w]- A twisted arc of order 2 of A" over C is a representable 
morphism from 2?^ c to A". Two twisted arcs a, a' : 2?^, c — ► X of order Z are equivalent if there is a 
2-morphism from a to a'. The set of equivalence classes of twisted arcs over X is identified with |J7" C »A'| (pl6 
|34j ) . which we will call the space of twisted arcs of X . 

For < n < oo and a positive integer I, the scheme D n (,C has a unique closed point. A (not necessarily 
representable) morphism 7 : V l nC — > A" induces an object 7 of A? over C, 

7:SpecC->D n i,c-»Ej,, c -*#. 

The automorphism group of the object in V l n c corresponding to the morphism Spec C — > 2?^ c is u;. Hence 
we get a homomorphism <f> : fii — ► Aut(7). Since every automorphism in 2?^ c is locally induced by 9, <fi is 
injective if and only if Aut(x) — > Aut(7(x)) is injective for all objects \ in T> l n C . This holds if and only if 7 
is representable [22]. We conclude that 7 is representable if and only if <j) is injective. 
By considering coarse moduli spaces we have a commutative diagram 

K,c x 

D n , c -!—>■ X. 

We will consider the nth jet scheme J n (X) = Hom(D„.Cj A) of X and identify jet schemes with their 
C- valued points. When n = 00, J QO (X) is called the arc space of A. We have a map 

(4) fr„ : |J n *| -» J„(A) 

*n(7) = 7'- 

Fix a d-dimensional cone ct of E and consider the open substack X(cr) = [A d /N(a)) of X. A twisted n-jet 
V l n s — > .^(cr) can be lifted to a morphism between atlases, D n i.s — > Yasuda used these lifts to describe 
the stack J^X (Proposition 2.8 [Mj). We will present his result and a sketch of the proof in our situation. 
We first fix some notation. The action of \ii on T> n i,c extends to an action on J n i(A d ). The action of N(a) 
on A d also extends to an action on J n ;(A rf ). If g is an element of A(cr) of order I, let J$(A d ) be the closed 
subscheme of J n i(A d ) on which the actions of Q in \i\ and g in N(a) agree. 

Lemma 3.2 ( 34 ). For < n < 00, we have a homeomorphism 

\JnX(a)\^ H jif(A d )/N(a). 

geN(a) 
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Proof. We will only show that there is a bijection between the two sets. We have noted that a representable 
morphism 7 : T> l n c — > [A d /N(a)] is determined by the images of a and 8. These images have the form 




Au,C x N(a) 



pi'i 



A»z,c x N(a) 



D n l 



for some g in N(o~) of order I and some nl-jet v : D n i : c — > A d . Conversely, given such a diagram, we can 
construct a representable morphism. The diagram is determined by any choice of g and v satisfying 

D n i,c > A d 
Ci 

D n l,C > 



That is, 7 is determined by the pair {g,v), where g has order I and v lies in J^(A d ). Suppose 7' is a 
twisted n-jet of order I determined by the pair (g',u'). A 2-morphism from 7 to 7' is determined by a 
morphism (3 : 7(a) — > 7'(a) in [A d /iV((7)] over the identity morphism on D„i t c, such that the following 
diagram commutes 





7(a) 



7(e) 



7(a) 



7 '(a) 
7 '(a). 



One verifies that the morphism /3 is determined by an element h in N(o~) such that v — v' ■ h and that the 
diagram above is commutative if and only if g = g'. Hence the equivalence class of 7 in | J n X{<j} \ corresponds 
to a point in J^f {A d ) / N (a) . This gives our desired bijection. 

□ 



Remark 3.3. Borisov, Chen and Smith gave a decomposition of into connected components indexed 
by Box(S) (Proposition 4.7 [5]). Given v in Box(S), let a(v) be the cone containing v in its relative 
interior and let S CT (^) be the simplicial fan in (N/N^^)^ with cones given by the projections of the cones 
in £ containing o~(v). The associated toric variety X^^)) is a T-invariant closed subvariety of X. The 
connected component of corresponding to v is homeomorphic to the simplicial toric variety X{Yi a ^). 
By taking n = in Lemma I3~2| we recover this decomposition for \TX(cr)\. 

Consider an element g in N(a) of order I corresponding to v in Box(r), for some cone r contained in a. 
We will give an explicit description of jff(A d ). If we write v = J2i=i Qi^i, for some < qi < 1, then recall 
from ([2|) that the action of g on A d is given by 

g- (x 1} ...,x d ) = (( l lqi x 1 ,...,(i qd Xd)- 
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An element v of J n i(A d ) can be written in the form 

nl nl 

v = (^2 "ljt 7 > • • • > X] )' 

3=0 3=0 

for some a^j in C, 1 < i < d, < j < nl. We have 

3=0 j=Q 
nl nl 

3=0 3=0 

Hence v lies in J^\A d ) if and only if otij — whenever j ^ Zg, (mod Z). We conclude that 

nl nl 

(5) J { n f (A d ) = {( £ a^t* ) | ay = if j # Z 9i (mod Z)}. 

i=o i=o 

4. Twisted Arcs of Toric Stacks 

In this section we describe an action of </oo(T) on an open, dense subset of \JaaX\ and compute the 
corresponding orbits and orbit closures. 

We first recall Ishii's decomposition of the arc space of the toric variety X [19] . Recall that D%, . . . , D r 
denote the T-invariant prime divisors of X and let J 00 (X)' = Joo(X) \ UiJ 00 (Di). The action of T on 
X extends to an action of Joo(T) on J OQ (X)' (Proposition 2.6 [IH])- Given an arc 7 in J 00 (X)', we can 
find a cZ-dimensional cone a such that 7 : SpecC[[t]] — ► U a C X corresponds to the ring homomorphism 
7# : C[er v n M] — > C[[f]]. We have an induced semigroup morphism er v n M — > N, it 1— > ordt 7*(x"), which 
extends to homomorphism from M to Z, necessarily of the form (,v), for some w in a n A. Consider the arc 

7„ : SpecC[[t]] ->U a ^X 

corresponding to the ring homomorphism 

7 # : C[<r v n M] -> C[[t]] 
x u 1 — ► 

If denotes the arc in Joo(T) corresponding to the ring homomorphism <p# : C[ct v n M] — ► C[[t]], x" 1— > 
7*(x")A i then 7 = 7„ • and both u in |E| n A and in Joo(T) are uniquely determined. We have 
shown the first part of the following theorem. 

Theorem 4.1 ([19]). We have a decomposition of Joo{X)' into J QC (T)-orbits 

Joc(X)' = I] 7, • JUT)- 



Moreover, ^ w ■ Joo(T) C *y v • Joo(T) if and only if w — v lies in some cone a containing v and w. 
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We will give a similar decomposition of the space IvToo^l of twisted arcs of X. For i — 1, . . . , r, we 
first describe a closed substack T>i of X with coarse moduli space Di [5]. Fix a maximal cone a. If pi is 
not in a then T>i is disjoint from X(cr). Suppose pi is a ray of a and consider the projection pi : N — > 
N(pi) = N /N Pi , where N Pi is the sublattice of N generated by bi. If Oi denotes the cone Pi(a) in N(pi), then 
(N(pi), (Ti, {Pi{bj)} Pj ca) is the stacky fan corresponding to Pjfl ^(o-ji Note that pi induces an isomorphism 
between N(a) = N/N a and N{pi)(<Ji) — N(p i )/N(p i ) (ri . We have an inclusion of A d_1 into A d by setting 
the coordinate corresponding to pi to be zero. We conclude that V^Xicr) = [A d - 1 /N(a)} and the inclusion 
of A d_1 into A d induces the inclusion of T>i D X(a) into X(cr). Moreover, by Lemma RT2l if g is an element 
of N(a), then we have an induced inclusion 

(6) J^i^/Nia) j£>(A d )/N(a), 

corresponding to the closed inclusion |j7oo(£>i H Af(tr))| \ J 00 X{cr)\. We define \ JooX\' to be the open 
subset 

\JoaX\' = \ JooX\ \ ^i = l\JocT>i\- 

Similarly, we consider \J' 00 X((t)\' and let J OQ (A d )' be the open locus of arcs of A d that are not contained in 
a coordinate hyperplane. Setting J^\A d )' = jf£\A d ) n J O0 (A d )', it follows from Lemma 13721 and © that 

(7) UooXi*)]'^ [J J^(A d )'/iV(<7). 

seiV(<T) 

We will often make this identification. 

For a fixed positive integer Z, the open embedding of T in X{cr) extends to an open embedding of 
Joo(T) = in J^A^er). We obtain an action of Joo{T) on iJ^X^er)], which restricts to an action on 

\J^X((t)\'. More specifically, we identify J^T) ^ j£> (T)/N(a), where j£ } (T) is the closed subscheme of 
J QO (T) fixed by the action of pi. In coordinates, 

OC OO 

4? (?) = ( E AJ* . • • • > £ flu* ) I A,o £ for i = 1, . . . , d}. 

3=0 j=0 

Fix an element g in N(a) of order I and recall from {5| that 

OO OO 

4o° = {(£ > • • • > E a ^i* j ) I a « = if J ^ Z * (mod Z)}. 

3=0 3=0 

The elements in J^(A d )' also satisfy the property that for each i = l,...,d, there exists a non-negative 
integer j such that ccjj ^ 0. Componentwise multiplication of power series gives an action, 

J£(T)/N(*) x j£(A d )'/N(a) - (A d )'/iV(a). 

By ([7]), this induces an action of Jaa(T) on | jT^A'fcr) |'. By varying Z, we obtain an action of Joo(T) on 
\J 00 X\ I . We would like to describe the Joo(T)-orbits. 

Let w be an element of a f] N. There is a unique decomposition w = v + Ylj—i Aj&i, where v lies in 
Box(t), for some r C cr, and the A^ are non-negative integers. We will use the notation {w} = v. Suppose 

^Note that N(pi) may have torsion and so <ii is a cone in the image of N(pt) in JV(p;)q. There are no difficulties in 
generalising to this situation. See Section \E\ for a discussion of this issue. This is the level of generality used in [5]. 
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v corresponds to an element g in N(a) of order I. If we write v = Qibi, for some < qi < 1, then 

w = J2i=i w i b i = Si=i(^ + 1i) b h where w l = A; + q t . We define % <E \J^X(er)\' C iJoo^l' to be the 
equivalence class of twisted arcs corresponding to the element 

(8) {t l(Xl+qi \ . . . ,t l(Xd+qd) ) = (t lw \...,t lWd ) 

of J^\A d y, under the isomorphism ([7]). 

Theorem 4.2. We have a decomposition of\J 00 X\ into J oc (T)-orbits 

\J°oX\'= J} X h- J oo(T). 

ue|s|niv 



Moreover, j w ■ Joo(T) C j v ■ Joo(T) if and only if w — v = J2 P Ca f or some non-negative integers Xt and 
some cone a containing v and w. With the notation of Theorem \4.1\ and Q), 

Koo ■ \JooX\' — > Joo(X)' 

is a J 00 (T)-equivariant bisection satisfying 

Proof. Let a be a d-dimensional cone in E and let g be an element in N(o~) of order I corresponding to an 
element v in Box(r), for some r C a. By ([5]), and with the notation of the previous discussion, we have a 
decomposition 



{u;}— v 



and hence 



J^(A d )'/N(a) = H 



{w}— v 



Also, 7™ • Joo(T) C j w , ■ Joo(T) in (A d )' / N {a) if and only if w; > io< for i = 1, . . . , d. We conclude that 

\J^X{<t)\'= Jl % -Joo(T), 



and 7to • Joo(T) C 7^/ • Joo(T) in | j7J 30 A'(cr)| / if and only if {u>} = {k/} and to, > w[ for i = 1, . . . , d. This 
is equivalent to w — w' — 53i=i f° r some non-negative integers A^. Since the open subsets \ J oa X{cr)\' 
cover \JoaX\' as cr varies over all maximal cones, we obtain the desired decomposition and closure relations. 

Consider the sublattice N a C N and recall that a' is the cone in N„ generated by b\, . . . , 6^. If H denotes 
the quotient of N by the sublattice generated by Vi, . . . ,Vd, then we have a pairing ( , ) : N x M a — ► Q, 
(ui, iij) = (5ij |i?|, where 5jj = 1 if i — j and otherwise. If u\, . . . ,114 are the primitive integer generators of 
cr v in M, then u\/ai\H\, . . . ,Ud/ad\H\ are the primitive integer generators of (cr') v in M a . We have made 
an identification throughout that SpecC[(cr') v n M a ] = A d . Consider an element 7 in J^(A d y, for some g 
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in N(a) of order I, corresponding to an element of \Sf oX{cr)\ l . Applying it^ gives an arc in U a , which we 
denote by 7Too(7)- We have a commutative diagram 

c[( ( r') v nA/ CT ] 2^ C [[t]] 
c[cr v n M] > c[[t]]. 

It follows that iToo is J 00 (T')-equivariant. Let w be an element of a n iV and consider the notation of J5]). 
With a slight abuse of notation, (^v)^ (.X Ui ' ) = an d we compute 

It follows from the definition of "f w that 7Too(Tuj) = ~f w . □ 

Remark 4.3. The morphism from a Delignc-Mumford stack to its coarse moduli space is proper [25]. Hence 
the fact that the map jr^ : \JaaX\ — > J 00 (X)' is bijective follows from Proposition 3.37 of [3~4] . 

Remark 4.4. We give a geometric description of a well-known involution i on |E| fl (see, for example, 
Section 2 t 30J). If r is a cone in E and v is a lattice point in Box(t), then i> can be uniquely written in the 
form v = J2 Pi c T Qibii f° r some < g< < 1. We define i = l : Box(-r) — > Box(r) by «,(«) = ^ Ct (1 — (ft) 6*. 
By Remark 13.31 the connected components of \TX\ are indexed by Box(S). Recall that the elements of \IX\ 
are equivalence classes of pairs (x, a), where x is an object of X over C and a is an automorphism of x. 
There is a natural involution on \IX\, taking a pair (x, a) to (x, a -1 ). Observe that I induces the involution 
l on the connected components of \XX\. 

Every lattice point w in |E| n N can be uniquely written in the form w = {w} + w, where {w} lies in 
Box(t) for some r C a(w) and w lies in N a ( w y Here a(w) is the cone of E containing w in its relative 
interior. The map i extends to an involution on |E| n N, taking w to l({w}) + w. Recall that we have a 
projection morphism tt : J^X — > XX = JqX. We see that / extends to a Joo(T)-equivariant involution 
/ : \JooX\' -» \JooX\' satisfying I (7 

Remark 4.5. For any non-negative integer n, we can consider \J n X\ = \ J n X\ \ Ul =1 \J n T>i\ and an action 
of J n (T) on \ J n X\' . Recall that we have projection morphisms 7r„ : J X X — > c 7 n A'. For each non-zero cone 
r of E, let 

Box(nr) = {i> £ AT | V = ^foi for some < qi < n}. 

Pi CT 

We set Box(n{0}) = {0} and Box(nS) = U Te sBox(nr). It can be shown that there is a decomposition of 
\J n X\' into J„(T)-orbits 

\J n X\' = ]J n n (%) • J„(T). 
«eBox(nS) 
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a. stapledon 
5. Contact Order along a Divisor 



In this section, we compute the contact order of a twisted arc along a T- invariant divisor on X . Recall 
that for each maximal cone a in £, we have morphisms 

A d ^ [A d /N{a)] S A(er) S A d /N(a) S U a , 

where A d is the atlas of X(a) via p and U a is the coarse moduli space of X(cr). For every ray pi in E, there 
is a corresponding divisor A of A(E) (see Section!?]). If pi <£. a then A does not intersect X{cr). If /5j C er, 
then A corresponds to the divisor {xi = 0} on A d , with an appropriate choice of coordinates. We say that a 
Q-divisor £ on X is T -invariant if £ = Y2i Pi^ii f° r some € Q. There is a natural isomorphism of Picard 
groups over Q (Example 6.7 [32] ) 

q* : PicQ(X(E)) Pic Q (A(£)) 

A >-> 5* A = aiA- 

The inverse map is induced by the pushforward functor : Picq(X(H)) — > P1cq(X(E)). The canonical 
divisor on A" is given by Kx = — Y2i ^») an d so 1*Kx = — Y2i a i A' Recall that a T-invariant Q-divisor 
E = Y2 P es a iDi on X corresponds to a real-valued piecewise Q-linear function ipE ■ |S| — > E satisfying 
ipE(vi) = —on [II]. Note that i/jq,K x (bi) = 1 for i = 1, . . . ,r, and hence, with the notation of Section O 
^ = ipq,K x - Let £ = ^ifiiDi be a T-invariant Q-divisor on A". Following Yasuda (Definition 4.17 [34]). 
we say that the pair (X,£) is Kawamata log terminal if /3j < 1 for i = 1, . . . ,r. Geometrically, this says 
that for each maximal cone a, the representative of £ in the atlas A d of X(tr) = [A d /N(a)] is supported on 
the coordinate axes with all coefficients less than 1. Equivalently, the condition says that i/j q ,e(bi) > — 1 for 
i = l,...,r. 

If £ = y] Uj£j is a Q-divisor on X, for some prime divisors £ j and rational numbers Uj, then Yasuda [34] 
defined a function 

Ord£ : \ JnXl \ UjlJoaSjl -> Q, 

ord £ = ord £j . 

j 

When £ is a prime divisor, the function ordf is defined as follows: if 7 : Tr^ c — ► A is a representable 
morphism, then consider the composition of 7 with the atlas SpecC[[f]] — > 2?^ c , and choose a lifting to 
an arc 7 of an atlas M of A". If m is the contact order of 7 along the representative of £ in M, then 
ord£(7) = m/l. 

The following lemma describes the function ordf in the toric case. We will use the notation of Theorem 
Ol 

Lemma 5.1. If £ is a T-invariant Q-divisor on X, then 

ord£ (Tu, • Joo(T)) = -ij} q .e{w). 

In particular, 

oxdK x {%- J 0O (T)) = -VH. 
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Proof. It will be enough to prove the result for £ = T>i and twisted arcs of the form j w . Consider the 
representable morphism 7^ : 2?^ c — ► X(ar) C X , for some lattice point w in a maximal cone a. With the 
notation of the composition of j w with SpecC[[i]] -> X>^ c lifts to an arc (t lwi , . . . ,t lWd ) in Joo(A d ). 
If pi a then ordD^T™) = = — i- ) a ~ 1 D ( w )- ^ Pi ^= °~ then the divisor 2?j is represented by the divisor 
{xi — 0} in the atlas A d and we conclude that ord2?i(7 lu ) = wi = — %j) -i D .(w). The second statement 
follows since iji — ?p qt k x ■ D 

6. Motivic Integration on Toric Stacks 

We consider motivic integration on a Deligne-Mumford stack as developed by Yasuda in [34]. We will 
compute motivic integrals associated to T-invariant divisors on X and show that they correspond to weighted 
6- vectors of an associated polyhedral complex. 

Recall that to any complex algebraic variety X of dimension r, we can associate its Hodge polynomial 
(see, for example, [24] ) 

T" 

E x {u,v) = i-iy^hijuV £ Z[u,v}. 

The Hodge polynomial is determined by the properties 

(1) hij = dim (X, fl z x ) if X is smooth and projective, 

(2) Ex(u, v) = Ejj(u, v) + Ex^u(u, v) if U is an open subvariety of X, 

(3) E X xy(u,v) = Ex(u,v)Ey(u,v). 

The second property means we can consider the Hodge polynomial of a constructible subset of a complex 
variety. For example, E A i(u,v) — E P i(u,v) — Ej pt \(u,v) = uv and hence E&™(u,v) — (uv) n . Similarly, 
E(r*\n (u, v) = (uv — 1)™. More generally, we can compute the Hodge polynomial of any toric variety. Recall 
that if A is a fan in a lattice N^, for some lattice N', then its associated h- vector h&(t) is defined by 

h A (t) = i dimT (l - i) codimr . 

TEA 

Lemma 6.1. If X = X(A) is an r -dimensional toric variety associated to a fan A, then 

E x {u,v) = (w) r /iA((uw)~ 1 ). 

Proof. We can write X as a disjoint union of torus orbits indexed by the cones of A (see, for example, [14]). 
The orbit corresponding to r is isomorphic to (C*) codlmr . We compute, using the example above, 

e x {u,v) - Y, = Y.( uv - 1 ) codimr = M r MM -1 )- 

□ 

Remark 6.2. If A is an r-dimensional, simplicial fan with convex support, then X — X(A) has no odd 
cohomology and the coefficient of (uv) 1 in Ex(u, v) is equal to the dimension of the 2i th cohomology group 
of X with compact support and rational coefficients. This follows from the above lemma, Lemma 4.1 of [30] 
and Poincare duality. 
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Recall that we have projection morphisms 7r„ : \JoqX\ — > | J7^.Af |, for each non-negative integer n. A subset 
^4 C | J^oo A'l is a cylinder if A = 7T~ 7T„(.A) and 7r„(A) is a constructible subset, for some non-negative integer 
n. In this case, the measure ^x(A) of A is defined to be 

fix(A) = E Wn(A) (u,v)(uv)- nd £ Z[m, u- 1 ,^,^- 1 ]. 

By Lemma 3.18 of [34], the right hand side is independent of the choice of n. The collection of cylinders is 
closed under taking finite unions and finite intersections and fix defines a finite measure on \JooX\. 

We will compute the measure of certain cylinders. Recall the decomposition of \JooX\' in Theorem 14.21 
Every w in |E| n N can be uniquely written in the form w = {w} + w, where {w} lies in Box(t) for some 
r C a(w) and w lies in N^f^y Recall that a(w) is the cone of £ containing w in its relative interior and 
that t/j : |E| — * R is the piecewise Q-linear function satisfying ip(bi) = 1 for i = 1, . . . , r. 

Lemma 6.3. For any w in |£| n N , the orbit "f w ■ Joo{T) is a cylinder in \J' OQ X\ with measure 

»x{lw ■ Joo(T)) = (UV - l)d( uv y4>(w)+M{u>})-dun*({w})^ 

Proof. Fix a d-dimensional cone a containing w and consider the notation of ([8]). The twisted arc j w lies in 
J^ ) A d /N(a) and n n (%) lies in J$ A d / TV (a) . If we consider the natural projection n { n g) : J^>A d -► J$A d , 
then n[f\{t lw \ . . . , t lWd ) ■ J ( J} (T)) is equal to 

{( £ a U(k +qi )t l[k+qi \ a dMk+qd) t 1 ^) I a hm ± 0}, 

A:— Ai k—X^ 

for n > max{Ai + 1, . . . , A<2 + 1}. Here ni = n if qi = and = n — 1 if 7^ 0. Note that <7i 7^ 
if and only if Pi C cr({w}). Hence (tt^V 1 ^ ^C^S • • • >*^) ' Joo(T)) = . . . , t lw «-) ■ jS(T), and 

Tr ( n 9) ({t lwi , . . . , t^) • j£ } (T)) is isomorphic to 

/g\ (C*) d X A" d_ ^i= 1 *i- diroCT (W), 

Note that ([9]) has a decomposition into a disjoint union of locally closed subspaces, each isomorphic to (C*) 4 
for some i, which is preserved after quotienting by the induced action of the finite group N(a). The result 
follows by considering the corresponding spaces and maps after quotienting by N(a), and observing that 
this doesn't affect the Hodge polynomial of ©• □ 

Let F : \J oa X\' — > Q be a (T)-invariant function on the space of twisted arcs of X and let A be a 
Joo (T)-invariant subset of \J^ooX\. By Theorem 14. 21 we have a decomposition 



An\JcoX\'= JJ tWoo(t). 



™e|£|niv 

We define 



l(uv) F dn x -~ ^2 Vxilto ■ Joo{T))(uvY 



we|s|njv 
7„,eA 
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when the right hand sum is a well-defined element in Z[(w-y) 1/ ' Ar ][[(ui') _1 / JV ]], for some positive integer TV. 
With the definitions of Yasuda, this is the motivic integral of F over 

Recall the involution l : Box(S) — * Box(S) (Remark (|4.4j) ). Following [34], we define the shift function 
s X : \JooX\ -» Q by 

sx(j w ■ Joo(T)) = dim <i({w}) - ^({w}) = i/){i({w})). 

The shift function factors as \JooX\' —> \JqX\ = \1X\ — > Q, where the function sft is constant on the 
connected components of \XX\. Borisov, Chen and Smith [5] showed that the connected components of \IX\ 
are indexed by Box(S) (c.f. Remark |3 . 3|) . The value of sft on the component of \TX\ corresponding to g in 
TV(cr) is the age of g~ x (see ([3]) and Remark l4~4l) . 

Consider a Kawamata log terminal pair (X, £), where £ is a T-invariant Q-divisor on X (see Section[5]). 
Following Yasuda (Definition 4.1 [31]), we consider the invariant T(X,£) defined by 

Y{X,£) = ( (uv) Sx+old£ dnx- 

Yasuda showed that T(X,£) is a well-defined element in Z[(ww) 1 / A '][[(ut;)~ 1 / JV ]], for some positive integer TV 
[341 Proposition 4.15]. Our goal is to compute such invariants and give them a combinatorial interpretation. 
We first recall the notion of weighted 8- vector from [30]. Consider the polyhedral complex Q — {v £ 
|S| | ip(v) < 1} and let A : |S| — > M be a piecewise Q-linear function satisfying X(bi) > — 1 for i = 1, . . . , r. 
The weighted S-vector 6 x (t) is defined by 

S x (t) = (1 - t) d+1 (l + ^2 ^2 t lp{v) ~^ { - v ^ +x{v ' )+m ). 

m>l v&nQnN 

The following symmetry property was established in Corollary 2.13 of (30] . 

Theorem 6.4 (|30p. With the notation above, the expression S x (t) is a rational function in Q(i 1 ^ Ar ), for 
some positive integer TV. If X is a complete fan, then 

5 x (t) = t d 5 x {t- 1 ). 

For each cone r in E, let TV T be the sublattice of TV generated by {bi \ pi C r} and let S T be the simplicial 
fan in (TV/TV t )r with cones given by the projections of the cones in £ containing r. We define h x (t) to be 
the expression 

h x (t) = J2t^^\T m k dima - dimT (l-t) codim ' T Yl U -*)/(! -t x{b ' )+1 ), 

tCct piGa\r 

so that when A = 0, ft^(i) is the ft,- vector of E r (see, for example, By expanding and collecting terms, 

we have 

(10) t codiror ^(£- 1 ) = (t - l) codimT II 1 /(< A( '' ,)+1 - !)■ 

rCcr pi Cct\t 



2 To check the definitions agree, we can replace A by An \^TooX\' , by Propositions 3.24 and 3.25 in 1341 . Now apply the 
decomposition of Theorem 14.21 
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The following expression for the weighted 8- vector was established in Proposition 2.7 of [3D], 

(11) 5 x (t) = Y / h*(t) ]T tW'HW JJ (t - l)/(t x ^ +1 - 1). 

After rearranging we see that 

(12) 6 x (t- 1 ) = Y,K(t~ 1 ) E r^-^+^iE^^) ij(t-i)/(t*(60+i_i). 

rGS t)GBox(T) PiCr 

Theorem 6.5. J/ is a Kawamata log terminal pair, where £ is a T -invariant Q-divisor on X, then 

the corresponding piecewise Q-linear function X = ipq*£ satisfies A(fej) > —1 for i = 1, . . . , r, and 

T(X,£) = (uv) d 8 x ({uv)- 1 ). 

In particular, T(X,£) is a rational function in Q(i 1 ' JV ), for some positive integer N. If £ is a complete fan, 
then 

r(X,£)(u,v) = (uw) d r(A',£)(u" 1 ,u" 1 ) = 5 x (uv). 
Moreover, every weighted 8 -vector has the form 8 x (uv) = (uv) d Y(X , £ )(u~ 1 , v^ 1 ), for some such pair (X, £). 

Proof. We showed in Lemma l5Tl that ord£(7„, • Joo(T)) = —X{w) and hence (sx + ord£)(7u, • Joo(T)) = 
dim a({w}) — ip({w}) — X(w). Using Lemma 16.31 we compute 



T(X,£) = (uv~l) d ( uvi 



^ — i/j(tu)— A('uj) 

we\z\nN 

For each w in |S| n N, we have a unique decomposition 



w = {w} + w'+ ^2 hi 

where w' is a non-negative linear combination of {bi \ pi C a(w)}. Here o~(w) is the cone containing w in its 
relative interior. Using this decomposition, wc compute the following expression for T(X,£), 

x; (»-i) d (™)-(^)w^w" 5: «E.^w^+ i ) n v(i - 

r€i£ rCcr PiQ 17 

ueBax(T) 

Rearranging and using (fTUj) gives 

r(*,£) - EM codimr ^(M^)x 

(uv)^r Kbi)+to»r-*iv)-\W -Q (w _ i)/(( uw )ACfc)+X _ 1} , 
-u£Box(T) PiCr 

Comparing with (TT2]) gives T(A',£) = (■uv) d <5 A ((itu)~ 1 ). The second statement follows from Theorem 16.41 

If A : |S| — * R is a piecewise Q-linear function satisfying A(6j) > — 1 for i = 1, . . . , r, then we may consider 
the corresponding T-invariant Q-divisor E on X. The pair (X,q*E) is a Kawamata log terminal pair and, 
by the above argument, 8 x (uv) = (uv) d T(X,q*E)(u~ 1 ,v~ 1 ). Hence every weighted 8- vector corresponds to 
a motivic integral on X. □ 
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Remark 6.6. By Theorem 16.51 and (|12[) . we obtain a formula for the invariant T(X 1 £). This formula is a 
stacky analogue of Batyrev's formula for the motivic integral of a simple normal crossing divisor on a smooth 
variety (see [31], [3]). 

Remark 6.7. When £ = 0, r(A,0) is a polynomial in itv of degree d and the coefficient of (uvy is equal 
to the dimension of the 2j th orbifold cohomology group of X with compact support 33J. When S is 
complete, the symmetry T(X,0)(u,v) — (uv) d T(X, 0)(u _1 , is a consequence of Poincare duality for 
orbifold cohomology [6]. 



7. The Transformation Rule 

A morphism / : y — ► X of smooth Deligne-Mumford stacks is birational if there exist open, dense 
substacks 3^ of y and of X such that / induces an isomorphism y$ — <%b (Definition 3.36 [34]). If / 
is proper and birational then Yasuda [34) proved a transformation rule relating motivic integrals on X to 
motivic integrals on y, generalising a classic result of Kontsevich for smooth varieties (see, for example, |31|). 
The goal of this section is to interpret the transformation rule in our context in order to give a geometric 
proof of a combinatorial result in |30j . 

If A = (N, A, {bi}) and £ = (N, £, {bi}) are stacky fans, we say that A refines £ if 

(1) The fan A refines E in N R , 

(2) For any ray pi in A, bi is an integer combination of the lattice points {bj \ pj C er}, where a is any 
cone of £ containing pi . 

If A refines £, we have an induced morphism of toric stacks / : X(Z\) — ► X(H) (Remark 4.5 [5]) such that 
/ restricts to the identity map on the torus and hence is birational. Note that the corresponding map of 
coarse moduli spaces is proper |14j . Since the morphism from a Deligne-Mumford stack to its coarse moduli 
space is proper [20], it follows that / is proper [22]. We will give a local description of /. Let r be a maximal 
cone in A, contained in a maximal cone a of £. By Property ^j, we have an inclusion of lattices N T <—* N a , 
inducing a homomorphism of groups j : N(t) — > N(a). Let r' be the cone generated by {bi \ pi C r} in 
N T and let a' be the cone generated by {bi | pi C a} in N a . The inclusion r' n N T <-^> a' n N a induces a 
j-equivariant map <fi : SpecC[f' n M T ] — > SpecC[(cr') v D M CT ]. Taking stacky quotients of both sides yields 
the restriction of / to X(r), f : X(r) = [SpecC[f n M t ]/N{t)\ -> X(cr) = [SpecC[(o-') V H M ff ]/A/(cr)]. 

Given a morphism g : y — * Z of Deligne-Mumford stacks, Yasuda described a natural morphism goo : 
|i7oo3^| — > \ JooZ\ (Proposition 2.14 [34). We outline his construction. Given a representable morphism 
7 : V 1 ^ c — * y, we can consider the composition 7' : V 1 ^ c — * ^ — * <"f • If i' is a positive integer dividing 

then we have a group homomorphism — > /Af, Q 1— > (0) = 0'j an( i an equivariant map SpecC[[t]] — > 
SpecC[[f]], t 1 ^ . Taking stacky quotients of both sides gives a morphism 2?^ c — > 2?^ c . By Lemma 
2.15 of [34], there exists a unique positive integer I' dividing / so that 7' factors (up to 2-isomorphism) as 
^00, c ~~ > ^00, c wnere V' is representable, and then 500(7) = ip- 

Let y be the coarse moduli space of y and let Z be the coarse moduli space of Z. Then g : y — > Z induces 
a morphism </ : F — > Z. Note that, by considering coarse moduli spaces, the morphism 2?^ c — > 2?^ c yields 
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the identity morphism on Spec C [[£]]. It follows that we have a commutative diagram 



(13) \jooy\ \JooZ\ 



Joo(Y) J^Z). 



Consider the notation of Theorem 14.21 

Lemma 7.1. If A = (N, A, {bi}) is a stacky fan refining S = (N, E, {fej}), then the birational morphism 
f : X(A) — > X(H) induces a J OQ (T)-equivariant map 

U : |.7oo*(A)|' |Joo^(E)r 
/oo(7u) = 7«- 

Proof. By considering coarse moduli spaces, / : X(A) — * X (S) gives rise to the toric morphism /' : X(A) — ► 
-X"(E), with induced map of arc spaces : Joc{X(A))' — > Joo(X(E))'. Consider the commutative diagram 
(fT3")) . By Theorem 14. 2 [ the maps ir^ are (T)-equivariant bijections satisfying tt^ (fy v ) = j v . Hence we 
only need to show that is Joo (T)-equivariant and satisfies f'^^v) = 7u- This fact is well-known but we 
recall a proof for the convenience of the reader. Suppose v lies in a cone r of A and let a be a cone in E 
containing r. The arc 7,, corresponds to the ring homomorphism C[f n M] — > C[[t]], x 11 >— » ^("^) and hence 
/oo(7u) corresponds to the ring homomorphism C[ct v n M] C[f PI M] — > C[[t]], x" l— * X" l— * t^ w ' v ^ . We see 
that is Joo(T)-equivariant and /^(Tu) = 7u- ^ 

We now state Yasuda's transformation rule in the case of toric stacks. 

Theorem 7.2 (The Transformation Rule, [34 ). Let A = (iV, A,{&i}) be a stacky fan refining E = 
(N, E, wii/i corresponding birational morphism f : X(A) — > <Y(E). J/ _F : | 1 7 00 '%'(E)|' — > Q is a 

J oo{T) -invariant function and A is a J ^(T) -invariant subset of | l / oc A'(E)|', iften 

where K X(A)/X{S) = K X{A) - f*K x ^y 

As a corollary, we deduce a geometric proof of the following result, which was proved using combinatorial 
methods in Proposition 2.13 of [3D]. If E = (N, E, {bi}) is a stacky fan and A is a piecewise Q-linear function 
on I E I, we fix the following notation. Let V>£ = ^q,K x{s) be the piecewise Q- linear function on |E| satisfying 
ips{bi) — 1, and let S^(t) denote the weighted ^-vector corresponding to A. 

Corollary 7.3. Let N be a lattice of rank d and let E = (N, E, {bi}) and A = (N, A, {b'j}) be stacky fans 
such that |E| = |A|. Let X be a piecewise ^-linear function with respect to E satisfying X(bi) > —1 for every 
bi, and set X' — A + "0s — ^A- If A' is piecewise Q-linear with respect to A and satisfies X' (b'j) > —1 for 
every bp then S^(t) = S A (t). 
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Proof. Let E be a common refinement of E and A. We can choose lattice points {bi} on the rays of E 
so that £ = (N, E, {b'A-) is a stacky fan refining E and A. Hence we can reduce to the case when A 
refines E. In this case, consider the corresponding birational morphism / : A" (A) — > A"(£). By Lemma 
15.11 there is a Kawamata log terminal pair (X(£),£) such that oid£(-j w ■ Joo(T)) — — \(w). It follows 
from Lemma 17.11 that (ordf o / 00 )(7 U) • J<x>(T)) — —X(w) and Lemma 15.11 and Lemma 17.11 imply that 
ordiC A '(A)/A'(S)(7ii> ■ Joo(T)) = V's(w) — ip/s(w). The result now follows from Theorem 16. 51 and Thcorem l7.21 
with F = ord£ and A = U^X^)]. □ 

8. Remarks 

More generally, we can replace N by a finitely generated abelian group of rank d. All the results go 
through with minor modifications. We mention the local construction of the toric stack [5]. Let N be the 
lattice given by the image of N in TVr and for each v in N, let v denote the image of v in N. Let E be a 
complete, simplicial, rational fan in TVr and let Vx, . . . , v r be the primitive integer generators of E in N. Fix 
elements b\, . . . , b r in N such that bi = aiVi, for some positive integer aj. The data E = (iV, E, {bi}) is a 
stacky fan. For each maximal cone a of E, let N a denote the subgroup of N generated by {bi \ pi C a}. We 
obtain a homomorphism of finite groups N(cr) — N/N a — > N{a) = N/N a . Composing with the injection 
N(a) -> (C*) d from Section H gives a homomorphism -> N(a) -> (C*) d , and Af(tr) = [A d /7V(cr)]. 

Using this more general setup, one can apply Theorem 14.21 to the T-invariant closed substacks of X to 
give a decomposition of |J7 00 '%'| into Joo(T)-orbits. 
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